Abstract. The stability of a horizontal thermal boundary layer embedded within a very viscous fluid is investigated using the formalism of linear stability analysis. Thin thermal boundary layers in deep fluid regions and in the absence of phase transition and dynamical effects are thereby shown to be unstable at extremely long wavelengths. The stability of the internal thermal boundary layer which may exist at 660 km depth in the Earth's mantle as a consequence of the dynamical influence of the endothermic phase transition from 7 spinel to a mixture of perovskite and magnesiowfistite, recently discussed in some detail by Solhelm and Peltlet [1994a], is investigated in order to better understand the "avalanche effect" observed in this and similar nonlinear, time dependent simulations of the mantle convection process. It is demonstrated that if the stability problem is treated as purely thermal, then the boundary layer is predicted to be extremely unstable and the presence of the 660-km endothermic phase transition at middepth within the boundary layer is further destabilizing. When the kinematic effect of flow convergence onto the boundary layer and phase transition region is active, however, it is shown that the layer may be strongly stabilized. In the regime of physically realistic velocity convergence, the critical Rayleigh number is predicted to lie in the range suggested by the numerical simulations of Solhelm and Peltlet [1994a]. A threshold value of the magnitude of the Clapeyron slope of the endothermic phase transition for a given velocity convergence is also shown to exist, beyond which the fastest-growing mode of instability changes from avalanche type to layered type.
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The nondimensionalization employed in deriving this system is one in which length, time, velocity, temperature, pressure, and density are expressed as' Xdim --dx, tdim --(y/gc•ATd)t, Udim --(gc•ATd2/y)u, Tdim --ATT, Pdim --go•dp, and Pdim --PoP, respectively. Here the subscript dim refers to a dimensional quantity, g is the acceleration due to gravity, Po is a reference density, d is the characteristic length scale, AT is the temperature change across the boundary layer and the characteristic temperature scale, y is the kinematic viscosity, n is the thermal diffusivity, and c• is the thermal expansivity. The thermodynamic and transport coefiqcients are herein assumed to be constant. Ra-(gaATd3/yn) is the Rayleigh number, Pr -y/n is the Prandtl number, 5 -c•AT, and k is a unit vector in the vertical direction. The Prandtl number is effectively infinite in the Earth's mantle, but effects due to finite Pr will be shown to be of interest in more general circumstances to be discussed later.
Expanding the dependent variables in the system
(1)-(4) as the sum of a basic state field plus a small-
amplitude perturbation as u -(y_/gc•ATd•)•k + eu •, p -• -•-ep •, p -• + e•r, and T -T + eS
, where e is an, assumed small, ordering parameter and • is written as a dimensional quantity, we obtain the set of linear field equations (5)-(8). In our analyses, T will be taken to be a boundary layer temperature profile, some examples of which are shown in Figure 2 . Internal heating Q is a function of depth and is taken to have the distribution required to maintain the boundary layer temperature profile in a steady state. Although the thermal boundary layer in the large-scale, nonlinear simulations is maintained by the background flow, this assumption will allow us to evaluate the thermal part of the boundary layer instability in isolation. In the following system the variable • is an assumed background variation of vertical velocity that we will employ to capture the boundary layer stabilizing effect of convergence within the large-scale flow in which the boundary layer is em- 
Boundary Conditions
Outer boundaries of the domain of analysis to be employed in what follows will always be taken to be isothermal, free-slip, and impermeable. These conditions imply that O = 0, D2W = 0, and W = 0 on these boundaries. In many cases the isothermal condition may be satisfied by requiring that D4W -0 on boundaries in the usual way. For some purposes it will be found interesting to consider circumstances in which the outer boundaries are placed at infinity. In these cases, W, D2W, and O were required to tend asymptotically to 0 as a function of increasing distance from the internal boundary layer. This condition will be satisfied in what follows by matching an inner solution to decaying solutions of the governing equations with DT = 0 at a point sufficiently distant from the region of strong vertical temperature gradient. We will also find it useful in what follows to consider basic state vertical temperature variations characterized by a delta function in vertical temperature gradient (see Figure 2a) . On the basis of continuity of mass, horizontal velocity, tangential stress, normal stress, and temperature, it can be shown that W, DW, D2W, •r/5, and O must be continuous across a delta function temperature gradient. To find the appropriate sixth boundary condition required in this situation, we integrate (11) with DT = -5(z-zo) across an infinitesimally thin layer containing the delta function. Given the previously stated five continuity conditions, we thereby obtain a jump condition on DO such that DO1 -DO2: --t•a W(zo).
In this expression the subscript 1 refers to the upper layer, while the subscript 2 refers to the lower layer, and z0 refers to the vertical position of the boundary layer.
Rayleigh-Taylor Instability
We have found in several of the analyses to follow that results from a simpler Rayleigh-Taylor instability analysis are instructive when compared with the results of the thermal instability analysis. The Rayleigh-Taylor stability equations may be derived from the governing equations in the usual way, following Chandrasekhar [1961] . They can also be derived from the above discussed thermal stability model by taking the thermal diffusivity to vanish, resulting in an infinite Rayleigh number. Subject to this assumption, (11) becomes simply -a© = W DT. 
Numerical Methodology
Two different methods will be employed in what follows to solve for the critical Rayleigh numbers, growth rates, and eigenfunctions required to characterize the stability of the basic states that will be of interest to us. The first of these is a shooting method in which a Runge-Kutta-Verner scheme (as implemented in the International Mathematics and Statistics Libraries, Inc. software package) is used to integrate three linearly independent solutions satisfying the lower boundary conditions from the lower boundary to the middle of the region of strong radial temperature gradient, while three additional linearly independent solutions satisfying the upper boundary conditions are integrated down to the center of the region of strong temperature gradient. In order to implement this conventional "shooting" method, the sixth-order system was written as a set of six simultaneous first-order equations, in the form y'= Ay, In these cases a finite region of constant temperature gradient will be used to characterize the basic state ( Figure 2b ). Since it was found that the exact form of the gradient is not important, the necessity to employ this assumption to combat "stiffness" is not a major drawback. Under the assumption of a piecewise constant temperature gradient, the sixth-order system has constant coe•cients and solutions of the form exp(qz) can be found both inside and outside the boundary layer region. The solutions outside the region of nonzero gradient are the same as those employed as starting vectors when using the shooting method with boundaries at infinity. The equation to be solved for q inside the region of nonzero gradient is simply and the six complex roots can be determined analytically using Cardan's formula. When v is nonzero, the roots may be simply found numerically using Laguerre's method. When this method was employed, v was required to be a constant. As previously discussed, we will be employing the parameter v to model the influence of a basic state flow convergence onto the internal boundary layer, and for this purpose we will simply assume v to be a negative constant for z > z0 and a positive constant for z < z0. A matrix equation containing the boundary conditions may then be constructed and critical Rayleigh numbers and growth rates calculated by finding the zeros of the determinant of this matrix.
Very similar procedures to these are used to solve for the most unstable modes in the Rayleigh-Taylor problem. The only difference in this case is that the system is then fourth order, and only growth rates can be determined because density inversions are always unstable in the absence of the influence of thermal diffusivity ef-
In what follows we will first employ the above discussed theoretical methodology to present a number of issues concerning the problem of thermal boundary layer instability in general. Following this, we will address in successive sections the problem of the stability of the internal boundary layer that appears to develop in the mantle convective circulation under the influence of the endothermic phase transition at 660 km depth.
Results
Although linear stability analysis is most often applied to the thermal convection problem in the analysis of the stability of the state of rest, the same meth- 
The corresponding temperature profiles are shown in Figures 2b, 2c , and 2e. Inspection of the results shown in Figure 5 demonstrates that for bw/L less than 0.1, Raoemin is independent both of bw and of the exact form of the temperature gradient. When bw = L for the step function case, we recover the Rayleigh-B•nard critical value of 657.51, and when bw-0, the minimum Rayleigh number of 327.39 obtains, which is the critical Rayleigh number for a delta function temperature gradient situated in the middle of a layer of unit thickness. This quantity was found to be quite useful in that it provides a convenient check on any thin boundary layer in the middle of a plane layer. Since most boundary layers of interest will be considerably thinner than the entire fluid region in which they are found, it is seen that a thermal boundary layer in the middle of a deep fluid region may be well approximated by a delta function temperature gradient. It will also be shown presently that a thin thermal boundary layer at arbitrary depth in a layer of finite thickness is well approximated by a delta function at the appropriate depth. Also of interest is the fact that/•aLmin is a monotonically increasing function of bw/L, implying that thin regions of strong temperature gradient in the middle of deep layers are more unstable than thick regions. This makes good physical sense since thin regions of strong gradient are associated with greater temperature contrast between the upper and lower regions of the fluid, resulting in greater buoyancy forces. Minimum critical horizontal wavenumbers k• were found to vary only slightly with Table 1 . The resulting parameters, $ and Re), based upon these parameters, were calculated to be -1.8 and -95, respectively. With this phase transition positioned at the center of the thermal boundary layer, the system was found to have a negative minimum Rayleigh number, indicating that there would need to be a stabilizing temperature gradient for the system to be even marginally stable. This clearly indicates that at onset of instability, for Earth-like geometry, the destabilizing latent heat effect of the endothermic phase transition dominates the stabilizing phase boundary deflection effect since the critical Rayleigh number is seen to de- As a consequence of finite thermal diffusivity, the perturbation temperature eigenfunction of the unstable mode becomes nonlocal. As penetration through the phase boundary was demonstrated to increase with the width of the perturbation density (which is proportional to the perturbation temperature), thermal instabilities remain avalanches for much more negative values of the stabilizing parameter $. When temperature perturbation eigenfunctions were plotted along with velocity eigenfunctions (not shown) and when phase transitions were present in the thermal instability case, it was observed that temperature perturbation eigenfunctions were always nonzero over a significant region surrounding the phase boundary whenever avalanches occur. This demonstrates that although the penetrative or layered properties of convection through a phase boundary are not fixed by the boundary layer thickness and the parameter $ in the thermal instability case as they are in the Rayleigh-Taylor case, the depth extent of the temperature fluctuation is vitally important in determining whether or not an avalanche will occur. For this reason, any process that results in a localization of the perturbation temperature eigenfunction will result in a stabilization of the boundary layer against the occurrence of an avalanche.
Process of Dynamical Stabilization
One important factor neglected in the previous sections concerns effects due to the background flow. More heat is advected into a boundary layer region by convective flows than is advected outward [Jarvis and Peltier, 1982] . Thus effects due to the background flow might quite reasonably be expected to result in a localization of a density perturbation and hence stabilize an internal thermal boundary layer in the presence of an endothermic phase transition as described in the previous section. In order to simply capture effects due to advective heat convergence by the background flow, a constant positive P•clet number will be assumed below the phase transition and an equal in magnitude constant negative value will be assumed above. As previously discussed, momentum advection due to the background flow may be neglected for mantle circulation and, as such, this velocity convergence will affect the stability of the boundary layer only through its influence on the temperature structure. This incorporation of mean flow effects through introduction of a constant velocity convergence might be expected to be justifiable on the basis of a separation of length scales in two limiting cases: The role of the dynamics in stabilizing the internal thermal boundary layer is, nevertheless, clearly illustrated, and it is rather likely that effects due to deformation flows that apply effective convergence across the region of strong radial temperature gradient will stabilize internal thermal boundary layers in high Rayleigh number convection. Also of interest are the perturbation vertical velocity and temperature eigenfunctions, which are shown in Figure 7b as the short-dashed line and long-dashed line, respectively, for the case v-1.4. It will be observed that the velocity structure is shifted somewhat from the zero background velocity case, but more importantly, the temperature perturbation eigenfunction becomes strongly localized into the region of the boundary layer itself. When the endothermic phase transition is also placed in the center of the boundary layer and a background velocity convergence is active, it is found that the combination of these effects may be very strongly stabilizing indeed. Figure 10a shows a series of neutral curves for which the parameters of the endothermic phase transition are chosen to be the same as those employed above and with various values for the velocity convergence. ary. On the basis of the neutral curves, it is seen that if the background convergence onto the boundary layer is increased, the low-wavenumber minimum disappears and the fastest-growing instability is switched from avalanche to layered style. In nonlinear simulations an increase in the system Rayleigh number is seen to decrease the number of avalanche events, leading to more complete layering. It seems reasonable that larger external Rayleigh numbers will correspond to higher average convergence onto the phase boundary, and so this result agrees well with the numerical simulations. Our analysis clearly predicts that for very large external Rayleigh numbers the flow would be more nearly perfectly layered, a circumstance that we expect would most probably have obtained in the early Earth. It has often been suggested [e.g., Peltier, 1996] fluid regions were shown to be particularly unstable, and stability increased as the region of strong vertical temperature gradient was moved closer to an impermeable boundary. The length scales controlling the dynamics were shown to be the entire layer depth and the distance to the closest impermeable boundary. The depth of the thermal boundary layer was shown to exert very little influence on the dynamics as long as it was shallower than one tenth of the full layer depth. In this case the thermal boundary layer was shown to be well approximated by a delta function temperature gradient at the appropriate depth. As a result, the spatial extent of convection at the critical Rayleigh number arising from thermal boundary layers is not limited to the region of the boundary layer but, rather, it fills the entire fluid layer in which the boundary layer is contained. This result is consistent with the divergence of the correlation length of a convective cell at the critical Rayleigh number [e.g., Zaitsev and $hliomis, 1971 ].
In the absence of background flow and phase transitions the thermal boundary layer at 660 km that was shown to develop in the simulations of Solheim and Peltier [1994a, b] was observed to be unstable at extremely small Rayleigh numbers, but the instability that ensued was consistent with the spatial extent of an avalanche. The presence of the endothermic phase transition alone at 660 km depth was seen to further destabilize the layer, and this was shown to be a result of the fact that endothermic phase transitions are increasingly destabilizing the deeper the layer of fluid in which they exist, in accord with arguments of Peltier [1985] .
A criterion for determining whether a Rayleigh-Taylor instability will be avalanche-like or layered was discussed, and this was shown to depend critically on the boundary layer thickness. In the considerably more complex thermal instability this criterion was shown to offer insight into the importance of boundary layer thickness and velocity convergence in determining the stability of the boundary layer.
A converging flow was seen to stabilize a thermal boundary layer, possibly explaining the region of stability of the thermal boundary layers observed in high Rayleigh number numerical simulations of the convection process. The values of the velocity convergence required to achieve critical boundary layer Rayleigh num- A number of potentially important effects have not been dealt with in the analysis reported herein, however. The influence of internal heating, in particular, has not been considered, although it is likely that this will simply accentuate the downwellings from the upper surface, increasing the convergence onto the boundary layer and hence should be stabilizing, as has already been demonstrated to be the case in the numerical simulations of Solhelm and Peltlet [1994a] . Also, non-Boussinesq effects have been neglected. Although these will probably affect the results quantitatively, it is quite clear that in their presence a converging flow onto an endothermic phase transition will still be stabilizing. Effects due to variations in viscosity, thermal conductivity, and the thermodynamic coefficients have also been neglected. It remains to be seen whether these will influence the ability of velocity convergence to stabilize the boundary layer. Also, the Clapeyron slope of the 660-km phase transition is only constrained to lie within the range-2 to-6 MPa/K according to Ito and Takahashi [1989] , although Chopelas et al. [1994] found it to be more strongly constrained to a value near-3 MPa/K. Although our model is quite sensitive to the exact value of the Clapeyron slope, it has been shown that for any value of the Clapeyron slope there is a velocity convergence for which the avalanche solution obtains at the minimum Rayleigh number and where if the velocity convergence is sufficiently high, layered convection will be the only possible form. Clearly, a constant velocity convergence is an enormous simplification of the influence of the real, time dependent, background flow; horizontal and vertical variations in vertical velocity have been neglected, while horizontal velocity has been neglected entirely. Also, continuity is not satisfied at the phase boundary or at the outer boundaries. The P6clet number parametrization is intended, however, to capture only the effect of the heat advection convergence, and it is the intention of our calculation to represent this in the simplest possible fashion in order to gain physical insight into the avalanche process.
Since this simple parameterization appears to explain many of the features seen in the full nonlinear simulations, it would appear that we have effectively captured much of the important physics governing the avalanche process. It is intended to further test the hypothesis developed herein, that it is velocity convergence onto the boundary layer and its interaction with the phase transition that stabilizes the thermal boundary layer in the above cited numerical simulations, using a series of especially designed nonlinear simulations. Such further analyses will be reported in due course.
